Let L be the space of line transversals to a nite family of pairwise disjoint compact convex sets in R 3 . We prove that each connected component of L can itself be represented as the space of transversals to some nite family of pairwise disjoint compact convex sets.
properties for k > 0. In particular, the convex hull of a family F of k-ats can be de ned by means of a duality operator, , between sets of k-ats and families of convex point sets, as follows. If F is a family of k-ats and A is a family of convex point sets in R d , let F be the family of convex point sets meeting every member of F and let A be the family of k-ats meeting every member of A. Then conv(F), the convex hull of F, is simply F . A family F of k-ats is convex if conv(F) = F. It is easily seen that A is convex for any family A of convex point sets.
One can equally well obtain the convex hull as follows. A convex set of k-ats need not be connected for k > 0. For instance, a nite family of mutually skew lines in R 3 is convex, by the \surrounding" criterion. Problem 7.2 of 2] asks whether the connected components of a convex set of k-ats are necessarily convex. In general the answer turns out to be negative, as we will show by exhibiting an example of a convex family of lines in R 3 that has a non-convex connected component. If, however, a convex set of k-ats in R d is presented by some nite family of suitably separated compact convex point sets, then we conjecture that the connected components of F will themselves be convex. We prove this conjecture for the case of a convex set of lines in R 3 presented by a nite family of pairwise disjoint compact convex point sets; this is the main result of the present paper.
A Non-Convex Connected Component
In this section we exhibit a connected set L of lines in R 3 whose convex hull has two arcwise connected components. One of these components must contain L, so it cannot be convex.
Start with the set of all the tangents to a unit circle centered at O in the (x; y)-plane. Let be an angle irrational with respect to and for each n = 1; 2; . . . translate the pair of lines tangent at (cos n ; sin n ) and (? cos n ; ? sin n ) toward O until they are each at distance 1=n from it.
For each direction , 0 < , we now have a pair of parallel lines around O in direction ; ll in all the lines between these two parallels in each direction , getting a strip S . It follows from the irrationality of that arbitrarily close to each direction there are arbitrarily narrow strips.
Finally, for each , 0 < , translate this strip S upward to a strip T at height z = . This gives a \spiral staircase" L having the z-axis as an axis of symmetry, closed at the height z = 0 and open at the height z = .
Each line in a strip T is connected to the member of T passing through the z-axis. Since the latter form a connected family for 2 0; ), L is connected. We claim that the convex hull of L is L z-axis, so that conv(L) has two components, L and the z-axis. We will show this by using the \surrounding" criterion above.
The fact that the z-axis 2 conv(L) is seen by considering any plane through the z-axis; since each T has positive width this plane will be trapped by lines in L strictly parallel to it, so that the z-axis is surrounded by L.
It remains only to show that no other line l =
L lies in conv(L). If l
is parallel to the (x; y)-plane, any plane through l not itself parallel to the (x; y)-plane has lines of only a single strip T parallel to itself, with T depending only on the line l, so that by rotating around l we can nd a position in which lies entirely on one side of T , hence escapes in the opposite direction. Suppose, then, that l is not horizontal. Let be any plane through l. meets the (x; y)-plane in a line having some direction . Look at the plane z = . By varying slightly, if necessary, we may assume that the intersection l 1 of with that plane misses the z-axis, say by some distance > 0. Since l 1 varies continuously with the choice of through l, we can choose 0 su ciently close to so that the corresponding line l 0 (at height 0 equal to its horizontal direction) lies at distance > =2 from the z-axis, but so that the strip in direction parallel to l 0 lies entirely within =2 of the z-axis (i.e., has width < ). Since the only lines that can \block" 0 in either direction are those parallel to 0 , hence in the strip in question, it follows that 0 can escape, i.e., that l is not in the convex hull of L.
Convex Connected Components
In this section, it will be more convenient to work in the a ne oriented Without loss of generality, assume that lies to the left of (l). Since (l 0 ) is a directed line that misses for every l 0 2 L and L is connected, must be to the left of (l 0 ) for every l 0 2 L. Let t be the translate of (l) supporting on its left. Line t does not support any (a); a 2 A, or else Proof: For each compact convex set a 2 A, the set of (oriented) k-transversals of a is compact. A (A~) is the intersection of these compact sets of (oriented) k-transversals and so is also compact. Proof: Again, we may assume without loss of generality that A consists of at least two convex sets. Since the sets in A are disjoint, L gives rise to two connected components of A~coming from the two orientations of lines in L. By Theorem 1, there is a compact convex set c disjoint from each of the sets in A such that the two components together constitute the space of directed line transversals of A fcg. Thus L is the space of undirected line transversals of A fcg. 
